Abstract. Let / be a normalized Hecke eigenform of weight 2k , with k odd. The main result of this paper is an equation representing the value of L(f, s)L(f ®e,s) at s = k in terms of the Fourier coefficients of a modular form of half-integral weight.
Introduction
Let N bea prime, / G 5^w(/o) • In this paper, we will derive an equation for the value of the product of L-series, L(f, k)L(f ®e, k) at s = k in terms of the squares of the Fourier coefficients of a modular form of half-integral weight. The main identity is a geometric proof of a formula due to Waldspurger [13] . The method of the proof is a generalization of the approach used by Gross [3] in proving the result for k = 1.
The Dirichlet L-series
Let K be an imaginary quadratic field of discriminant -D where N is inert. Let tf be the ring of integers in K and A = ideal class in K . Set e = quadratic character of (Z/DZ)* determined by e(p) = (=^-) for p\D and 2m = number of units in K , and set . , f number of ideals of norm m in A for m > 1, rA(m) = i I l/(2u) for m = 0.
We now define a Dirichlet series associated with / and the ideal class A.
Let $Zm>i amqm > with q -e2niz , be the Fourier expansion of /. Define the Dirichlet L-series associated with / and the ideal class A by m>l v ' m>l (m,N)=l L(f, A, s) has an analytic continuation to an entire function of s. For proof of this fact see [4] . Let x be a complex character of the group Pic((f ), and suppose / = Sm>i amqm is a normalized eigenform of weight 2k for the Hecke algebra
where the sum is over all A in Pic(tf ).
It can be shown that if e(N) = 1, then L(f, x, s) vanishes at s = k. The values of L(f, x, s) at s = k in the case e(N) --1 were studied in [6] . In particular, an equation representing the value of L(f, x, k) in terms of height pairings of special points on a vector bundle V is derived. In the next section we will describe the vector bundle V and the equation for L(f, x, k). In the next section we will use the result of Corollary 1 to arrive at an equation representing the value of L(f, k)L(f®e, k) in terms of the Fourier coefficients of a modular form of half-integral weight.
The main identity
Define the formal series g -Y,d>i eodD > with the eo as defined above. We will need the following result. is a modular form of weight k + \ on r0(4N) with integral coefficients. Proof. Let {a,} be the basis for Pic(F) that you get by tensoring the basis {ex, e2, ... , e"} of Pic(^) described in [3] with the basis of Sym2k~2(W)
given by {x2k~2, x2k~3y, ... , y2k~2} . Recall that Sym2k~2(W) embeds into Symk~l(U) as described earlier. It will suffice to show that for every a;, g(atj) is a modular form of weight fc + j on ro(4N). Since Nb is a positive definite ternary quadratic form and p(b) is a spherical polynomial of degree k -1 in three variables, it follows from a result of Schoeneberg [12] generalized by Pfetzer [10, p. 452 ] that g(a,) is a modular form of weight k + \ on To(4N). The lemma now follows.
Define ef to be a nonzero element in the /-isotypical component of Pic(F)<g> R, where / is an eigenform for the Hecke algebra T. Then from Lemma 1, we know that
is a modular form of weight k + j on 7u(4Ar) with integral coefficients. Furthermore, g(ef) is an eigenform for the Hecke algebra on the space of modular forms of weight k + \ on r0(4N) with eigenvalues corresponding to the eigenvalues of /. This fact follows from an argument analogous to that given by Gross in [3] for the case k = 1.
The main result, which we prove next, gives a representation of the value of L(f, k)L(f ®e, k) in terms of the Fourier coefficients mp. The formula in Proposition 2 is due to Waldspurger [13] . 
